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Fig. 2 Momentum coefficient c^s for preventing sep-
aration from experiment and theory. Slot width s/c =
0.8 X 10~3, O = experiment, —— = J;heory with UK =
UKI* and —— = theory with UK = UKZ* Hatched area
represen ts scatter due to uncertainty of the value of U at

the trailing edge.

ing. This is achieved when the net amount of the blown-in
jet momentum 770$, is equal to the increase in the momentum
thickness &G of the boundary layer with no blowing which
occurs between the separation point S and the trailing edge
(see Fig. Ic). Thus,

-rj&ftjs = &G (4)

The increase in momentum thickness &G can easily be ob-
tained by calculating the turbulent boundary layer as de-
scribed in Ref. 5:
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The expression for the minimum momentum coefficient re-
quired for preventing boundary-layer separation is finally
found by inserting Eqs. (2) and (3) into Eq. (4):

«= 2 -
1

c 0.85 [1 -. (6)

with &G according to Eq. (5). This equation indicates that
the required momentum coefficient c^s decreases with in-
creasing jet velocity and with decreasing slot width. This is
in agreement with the experimental results of different authors
which are compared in Refs. 2 and 6.

For the calculation of the flapped_wing in Eq. (6), it is
reasonable to use the mean velocity UK on the flap (see Fig.
Ib) instead of the mainstream velocity Um. Thus

I,*?___
' c 0.85 [1 - (7)

By this method, which is described in more detail in Ref.
2, a good agreement with measurements has been achieved.
A comparison between experiment and theory is given in
Fig. 2. The hatched areas indicate how the uncertainty in
the calculation of the velocity at thejbr ailing edge U(TE) and
the definition of the mean value UK influence the results.
This method has also been extended to airfoils using bound-
ary-layer control by blowing at the leading edge.7
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Flow of Viscoelastic Maxwell Fluid
in a Circular Pipe
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RICHARDSON and Tyler1 investigated experimentally
the flow of a Newtonian, viscous fluid in a circular tube

under a periodic pressure gradient, and Sexl2 investigated
the same problem theoretically. Sanyal3 discussed the same
problem under a pressure gradient, rising as well as falling
exponentially with time. The object of this note is to study
the flow of viscoelastic Maxwell fluid in a tube of circular
section, following Sanyal, in two cases: 1) when the pres-
sure gradient rises exponentially with time, and 2) when the
pressure gradient falls exponentially with time.

Following Bagchi,4 the equations of motion are

^Ixr = - -U + ̂  hr

V I ^— r-\dr2 (la)

(Ib)

where

v — {Ji/p (Ic)

Equation (Ib) shows that pressure p is a function of z and
t only.

Case I: Pressure Gradient Rising
Exponentially with Time

Let us assume for the pressure gradient

and for the velocity

w =

(2a)

(2b)
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Then from Eqs. (la, 2a, and 2b) we have

, + 1 , _ (I + Xa«)a« = _ 1 (1 + Xa2) (3)
r v v

The solution of this equation, which does not become infinite
on the axis of the tube, is

where

and J0 is a Bessel function of order zero, of imaginary argu-
ment iftr, and A is the constant of integration. Then upon
determining A from the boundary condition

r=R ™ = / = 0

where R is the radius of the tube, we get

\
and

I? / T (jR'Aru I *J Q\l/\JI )

(6)

(7)

(8)

Another quantity of interest from the engineering point of
view is the amplitude <£ of mass flow, which is given by

/* 7?
= 2-rrp I frdrJ o

(9)

We now work out these results by expanding the Bessel
functions for small values of \f3R\ and |/3r| by using the
formulas

(10)

Equations (8) and (9), in virtue of (10), become, upon neglect-
ing terms higher than /32,

w =
4cr

(ID

4o:2)/32 (12)

From Eq. (11), it can be seen that, if ft is constant, i.e., X
is constant, the velocity at a given point increases expo-
nentially with time. The distribution of velocity in a cross
section of the tube is parabolic, as in the Hagen-Poiseuille
flow, and the velocity varies in the same phase with that of
pressure gradient.

We now work out results by expanding Bessel functions
for large values of \ftR\ and \ftr\ by using the formula

Jm(z) = (2/V2)1/2 cos[2 - (mir/2) - (ir/4)] (13)

Equations (8) and (9), in virtue of (13), become, respectively,

'-^t'-SB "<««-!)]
It is important to note from Eq. (14) that the velocity in-

creases exponentially with time at a given point. More-
over, for appreciable value of ft(R — r), where ft is constant,
e -£(^~r) is very small, so that the velocity is independent of

the distance from the wall. Thus, only for small values of
ft (ft — r) does the velocity depend upon the distance from the
wall. Hence the solution has the boundary-layer character
even in viscoelastic Maxwell fluids, provided that ft, i.e.,
the relaxation time X, is constant. When X is zero, the case
reduces to that of ordinary fluids, considered by Sanyal.

Case II: Pressure Gradient Falling
Exponentially with Time

Here we assume that the pressure gradient is given by

-(l/p)(dp/ds) = ke~^ (16a)
and the velocity is given by

w=f(r)e-«'2t (16b)

Then from Eqs. (la, 16a, and 16b) we get

(17)

/ = -(fc/«2)ii - [/o(ftr)//o(j8iB)]} (18)
Hence

w = - fc/«2{l - [/o(Ar)//0(|8ifl)]}«-al(

where
ft - (1 - Xa2/V)a2

The amplitude is given by

(21)

The solution of this equation, which does not vanish on the
axis, in virtue of the boundary conditions (6) , is

(19)

(20)

Hence, for small values of \f$iR\ and |ftr|, (19) and (21) be-
come, respectively,

W = v"-Mi /-*«• / \*v ' y-' i /oo\
(ZZ)

(23)
From Eq. (22) we conclude that the distribution of the ve-
locity in a cross section of the tube is parabolic, and for a
constant value of ft, the velocity is in phase with the pressure
gradient.

Again, for large values of \PiR\ and |/3ir|, (19) and (21)
become, respectively,

k_
a2

_ Trpfcfl2 [ _ 2
~ ~ «» L ft

B- (7r/4)}

- (7T/4)]

From Eq. (24), one can conclude that the distribution of
velocity depends upon the wall distance, and hence the
solution has no boundary-layer character.
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